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Abstract 



We study the Backlund symmetry for the Moyal Korteweg-de Vries 
(KdV) hierarchy based on the Kuperschmidt- Wilson Theorem associ- 
ated with second Gelfand-Dickey structure with respect to the Moyal 
bracket, which generalizes the result of Adler for the ordinary KdV. 
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In |]T|, Adler provided an elegant approach to the Backhand transformation for 
the generalized Korteweg-de Vries (KdV) equations |2]|| by exploring the hidden 
symmetry of the associated modified KdV equations. The approach is intimately 
related to the Kupershnidt- Wilson (KW) theorem jp (see also ||||) for the second 
Gelfand-Dickey (GD) bracket HH, the Hamiltonian structure of the KdV, in which 
the Miura variables play an important role. Based upon which, some generalizations 
including Toda 0, Drinfeld-Sokolov Q, KP ISHlOU, supersymmetric KdV |Ll) and 



g-deformed KdV [12] hierarchies have been discussed in a similar way. 

In this Letter, we would like to generalize the approach to the second GD struc- 
ture with respect to the Moyal bracket [|13|] defined by 

UWs ^ infill (1) 

where / and g are two arbitrary functions on the two-dimensional phase space with 
coordinate (x,p) and the ^-product fl4| is defined by 



s=0 a - j=0 




f *9 = E tt E(-i) J ' , {%qr s f)(%r s %9) (2) 



The Moyal bracket (|l|) can be viewed as the higher-order derivative generalization 
of the canonical Poisson bracket since it recovers the canonical Poisson bracket in 
the dispersionless limit k — > 0, i.e. lim K ^ Q {f, g} K = d p fd x g — d x fd p g. Therefore 
the Lax equations defined by the Moyal bracket can be viewed as a one-parameter 



deformation of dispersionless Lax equations (see |T5j for a review) defined by the 
canonical Poisson bracket. 

Our main results contain two parts. In Theorem A, we prove the KW theorem 
for the second GD structure with respect to the Moyal bracket, which simplifies the 
associated hamiltonian flows in terms of the Miura variables. We then, in Theorem 
B, show that the Backhand transformation for the generalized Moyal KdV hierarchy 
can be traced back to the permutation symmetry of the Miura variables via the KW 
theorem and thus generalize Adler's work to the present case. 

To begin with, we consider an algebra of Laurent series of the form A = 
{A\A = Y,iL-oo a iP 1 } w hh coefficients Oj depending on an infinite set of vari- 
ables ti = x,t2,t 3 , ■ ■ -. The algebra A with respect to the Moyal bracket ([!]) can 
be decomposed into the sub-algebras as A + © A_ where the subscript + stands 
for the projection onto the non-negative powers in p. It's obvious that A is an 
associative but noncommutative algebra under the ^-product. For a given Lau- 
rent series A = J2i a iP l one defines its residue as res(A) = a_i and its trace as 
tr(A) = J res (A). For any two Laurent series A = J2i a iP l an d B = J^jbjP'^ 
it is easy to show that (i) / res(A * B) = J2il a ih+i (h) tr{A, B} K = (iii) 
tr(A * {B, C} K ) = ti({A,B} K * C). Given a functional F(A) = J f(a) we define 
its gradient as 5F/5A = d^F = J2i^f /^ a iP~ 1 ~ 1 where the variational derivative is 
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defined by 5f/5a k = £<(-!)'(# • df/daf), with af = (d l ■ a k ),d = d/dx. Note 
that we use the notations d x f — f — f x and df = fd + /' throughout this paper. 
Let us consider the Lax equations 

r)T 

= {{L l l^% (L 1 l n -k) k + = ( L l l n *L 1 / n *---*L 1 ' n ) + (3) 

otk - 

k 

where the Lax operator L = p n + Yh=o u iV % * s a polynomial in p and L 1//n = p + 
J2i=i a>iP~ l is the nth root of L in such a way that L = (L 1//n *) n . The Lax equation 
(0) define the dynamical flows for Ui, which form what we call the generalized Moyal 
KdV hierarchy. Note that the highest order in p on the right-hand side of the Lax 
equations (|3|) is n — 2, and thus one can drop the term u n _i in the Lax formulation 
without causing any problem. However, we shall see that imposing the constraint 
Un-i — induces a modification in the Hamiltonian formulation. 

For the polynomial L = p n + J27=o u iV % an d functional F[L] and G[L] we define 
the second GD bracket with respect to the ^-product as 

{F,G} 2 (L)=tT[J 3 (d L F)*d L C\ (4) 

in which J 2 is the Adler map [|HJ defined by 

J 2 (X) = {L, X} K+ -k L — {L, (X -k (5) 

where X = Y2=i ^iV % ^ X - The bracket (£|) is anti-symmetric due to the cyclic prop- 
erty of the trace and satisfies the Jacobi identity that will be justified later on. In 
the k — > limit (|]) recovers the dispersionless GD bracket ||17|| . 

Theorem A (Kupershmidt and Wilson). Let L = A* B where both A and B 
are polynomials in p, then we have 

{F, G} 2 (L) = {F, G} 2 (A) + {F, G} 2 (B). (6) 

Proof. From the variation 

SF = tr(d L F * 6L) 

= tr{d L F *5A*B + d L F *A*5B) 
= tr(d A F * 5 A) + ti(d B F * SB) 

we have d A F = B * diF and dsF = dLF ★ A. Then 



R.H.S. = tr[{A, d A F} K+ ★ A ★ d A G - {A, (d A F ★ A) + } K * d A G] + (A <-> B) 
= — tr[(A * d A F) + *A* d A G - (d A F -k A)+ * A * d A G) 

-A * (d A F ★ A)+ * d A G + (d A F * A)+ * A * d A G] + (A «-> 5) 
-tr[(A * d A F) + -k A-kd, 
tr[J 2 (d L F)*d L G\. □ 



— tr[(A * d A F) + * A * d A G - A * (d A F * A)+ * d A G] + (A ^ 5) 
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If we factorize the Lax operator as 

n-1 

L = P n + E U & 1 = (P - <t>n) * ■ ■ ■ * (P - fa) (7) 

i=0 

then the coefficients «j can be expressed in terms of Miura variables fa as 

n 

U n -i = fa, 



i=l 

n 



U n -2 = Yl ~ K J2( n ~ 2i + 1 )^*i> ( 8 ) 

i>j i=l 



which constitute the Miura transformation. Therefore under the factorization ([/]), 
by Theorem A, the second GD structure (H) can be simplified as follows 



In particular, 

{0i(a?) s 4>j(y)}2 = -SijdJ(x - y) (9) 

which immediately verifies the Jacobi identity of the GD bracket (B). 

The second Hamiltonian structure for the generalized Moyal KdV hierarchy can 
be obtained from (|) by imposing the constraint u n -\ = — Yn=i fa = 0. Using (Q) 
we obtain {u n -i(x), u n -i(y)}2 = —nd x S(x — y) which has an inverse for n ^ and 
hence the constraint is second class. The standard Dirac procedure thus gives the 
modified Adler map as 

Jf (X) = {L, X} K+ -k L — {L, (X -k L) + } K + - (l, f res{L, X}A (10) 

Tl I J J K 



or, in terms of Miura variables, 

1 



{fa(x),fa(y)}° 



$ij 

n 



d x 5(x-y). (11) 



On the other hand, one might obtain the associated first GD structure for the Moyal 
KdV by shifting L — > L + A in ( |l0l) and then extract the term linear in A It 
turns out that 

J 1 (X) = {L,X} K+ (12) 
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which is compatible with the reduction w n _i = 0. As a result, the bi-Hamiltonian 
flows for the generalized Moyal KdV hierarchy can be written as 

dL 

— = J?(d L H k ) = J^lH^) (13) 
dt k 

with 

l/n , \k 



Next we turn to the Backlund transformation for the Moyal KdV hierarchy. Our 
strategy is to rewrite the hierarchy flows in terms of the Miura variables. Following 
Adler |jj we define the permutation Q : 0i — > 02,02 — > (j>3, ■ ■ ■ , (j> n 01, then 
Lq> = (p — 0i ) * (p — 0i-i) * • • • * (p — 0i+i)- In particular, L^™ = Lqo = L and 
= Pi * Lqi-i -k p^ 1 where pi = p — <pi and its inverse p" 1 can be expressed 
as exp(/ x 0j/2/«) * p * exp(— J 1 0i/2/t) and exp(/ :r 0,/2k) * p -1 * exp(— J* 0i/2/c), 
respectively. 

Theorem B (Adler). The Miura variables 0j satisfy the follwoing modified 
Moyal KdV equations 

Pi * -Doi-i — % *Pi U4J 



<9£i. 2k 



where B« = (/#"*)*. 
Before proving ( JTj ) we observe that (O) is compatible with the Lax flows (|3|) since 
from the factorization form of L we have 
dL " 8<Pi 
Otk i= i crCf; 

= -^-J^Pn * ■ ■ -*Pi+i * (/Pi * B^l ± - B$ -kp^ *Pi-l * ■ ■ ■ *px, 

= {B^ k \L} K . 

Lemma. The Hamiltonian flows for the Miura variables 0j can be expressed as 

^ = ms{p i) p l _ l -k----kpi-k(L 1/n -k) k ~ n -kp n -k----kp i+1 \ . (15) 
ot k >- > « 

Proof . From the variation 

^ ,1/n r l/„ 

— = ~ * L 1/n * • • • * L 1/n 

<50i 0(pi 

A 7" V" 



ST 1 / n 
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we have 



ntr 



5 4>i 



( L l/n^fc-l 



tr 



5L 



-res 



'« J 

Pi-l * • • • *pi ★ (L 1/n *) fc ~ n * p n * • • • * 



Hence 



^ A " 


SH k \ 


°ij 




.71 





i-4 



{ 



p j; res p j _i*---*j9i*(L 1/n *) fc n *p„*---*Pj+i } k 
= res {pi, pi_! * • • • *pi * (L 1/n *) fc_n • D 

Proof of Theorem B. From the relation Lq; = pi k Ln*-i ^p^ -1 we have 



(fc) 



Pi-kB^! kp i 



p % k B$_! *Pi l -{pi* B$_! k p i 1 



Then 

] 

2 



— Pi * Bfji-i - * pi = — ipi* By_ x *p { )_-kpi, 

1 /■ d(*) -1 

—res ( pi * * Pj 



2k 
1 

2k L 



res (pi -k {L^Zikf k p i x ) - res (L^*)' 



res {pi, pj_i * • • • *p x * (L 1/n *) fc n * p n * ■ • • k Pi+i} K 



which, by Lemma, completes the proof of Theorem B. □ 

We emphasize here that fll5l) (and hence (|14D) is consistent with the constraint 

Un-l = - Ei <j>i = 0. 

Thus the cyclic permutation Q generates the Backlund transformation of the 
hierarchy due to the fact that the form of the Lax operator and the hierarchy flows 
are preserved under such transformation. In particular, the one-step permutation 
Q: L^i-i — ► Lq* defines an elementary Backlund transformation. Indeed, if Lq%-i 
satisfies then the transformed Lax operator L Q i satisfies 
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where (|T4] ) was used to reach the last line. 

Finally let us work out the simplest example to illustrate the obtained results. 
For n = 2 we have L = p 2 + u and the first few Lax flows are given by 

= u x , 

- 3 2 
15 5 

u t5 = —u 2 u x + -k 2 {uu xxx + 2u x u xx ) + kV 5) , (16) 

O Z 



The set of equations ([II]) is referred to as the Moyal KdV hierarchy []T3-|2I|. For the 



Hamiltonian formulation, we can read off the Poisson brackets from (p~3| ) as |pT] , |22 



{u(x), u(y)}i = 2dJ(x - y), 

{u{x),u{y)}° = [2n 2 dl + 2ud x + u x ]6{x - y). (17) 
The first few Hamiltonians for the Moyal KdV are 

H 1 = Ju, H 3 = ^Ju 2 , H 5 = ^y<y + 2k 2 uu xx ), 
which together with fllTD provides the bi-Hamiltonian flows 



- [2k d x + 2ud x + u x \ — = 2d x - 



We remark that when k = the Moyal KdV hierarchy reduces to the dispersionless 
KdV hierarchy p3f since all higher-order derivative terms disappear. One the other 



hand, ([16]) collapses to the ordinary KdV for k = 1/2 due to an isomorphism between 
them p4j and thus the Moyal parameter k characterizes a kind of dispersion effect. 

Furthermore consider the factorization of the Lax operator L = p 2 + u = {p — 4>)* 
(p+4>) which gives the Miura transformation (or Riccati relation) u{4>) = —(p 2 + 2K(f)'. 
Then the Poisson algebra flT7| ) can be easily rederived by using that bracket of the 
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Miura variable (free-field) <fi. Permuting the Miura variable (0 — > — 0) gives a new 
Lax operator Lq = p 2 +uq = (p+(fi)*(p — (fi) with uq(4>) = u{4>) — 4k0'. Now suppose 
the solutions of the Moyal KdV equations can be parametrized by a single function 
r, the so-called tau-function, such that u(x;t) = 8K 2 d 2 In t(x; t). Then the Adler's 
approach to the Backlund transformation leads to the following transformation rule 
for tau functions 



t(x; t) — > tq(x; t) = exp 



1 

2k 



(x-t) (18) 



which reduces to the ordinary case [25] when k = 1/2. 

In summary, we have investigated the Backlund transformation for the Moyal 
KdV hierarchy from the viewpoint of KW theorem. It turns out that the cyclic 
permutations of the Miura variables provide the elementary Backlund transforma- 
tions of the hierarchy which can be expressed in terms of tau functions. It would be 
interesting to see whether the Moyal KdV hierarchy fllED has corresponding Hirota 
bilinear equations with fll8|) symmetry. 
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